A graceful labeling of a graph G with n edges is an injection f : V (G) → {0, 1, 2, . . . , n} with the property that the resulting edge labels are distinct where an edge incident with vertices u and v is assigned the label |f (u) − f (v)|. The characterization of graceful graphs is one of most difficult problems in graph theory. In this paper, we study the effectiveness of the graph operation, the duplication of all the vertices of graphs in obtaining graceful graphs. More precisely, we prove the following results. 2. The graphs obtained by the duplication of all the vertices of the non-graceful graphs, C 4 ∪K 1,n , for all n ≥ 1 and n ̸ = 2 and C 3 ∪P n , for all n ≥ 1 are graceful.
Introduction
All the graphs considered in this paper are finite and simple graphs. The terms that are not defined here can be refered from [9] . Graph labeling is one of the fastest growing areas in Graph Theory. A graph labeling is an assignment of numbers to the vertices or edges, or both, subject to certain conditions. In 1963, at the Smolience symposium, Ringel posed his celebrated conjecture which states that K 2n+1 the complete graph on 2n + 1 vertices, can be decomposed into 2n + 1 isomorphic copies of a given tree with n edges. In 1965, Kotzig also conjectured that the complete graph K 2n+1 can be cyclically decomposed into 2n+1 copies of a given tree with n edges. Motivated by these two conjectures, Rosa introduced 'classical' graph labelings in 1967 and used these labelings to investigate the cyclic decomposition of complete graphs. One of the labelings, called the β-labeling, introduced by Rosa [5] was later called graceful labeling by Golomb [3] and now this is the term most widely used. A graceful labeling of a graph G with n edges is an injection f : V (G) → {0, 1, 2, . . . , n} with the property that the resulting edge labels are distinct, where an edge incident with vertices u and v is assigned the label |f (u)−f (v)|. A graph which admits a graceful labeling is called a graceful graph.
The graceful labeling of graphs is primarily perceived to be a theoretical subject in the field of graph theory and discrete mathematics. But gracefully labeled graphs often serve as models in a wide range of applications such as X-ray crystallography, radar, astronomy, circuit design, communication network addressing, etc. Bloom and Golomb [1] give a detailed explanation of some of these applications of gracefully labeled graphs.
Both theoretically and in the context of applications, determining which graph is graceful is important. The characterization of graceful graphs remains one of the most difficult problems in graph theory. In fact, a very few general results are proved towards characterization of graceful graphs. The following two results are the necessary conditions for a graph to be graceful. Sethuraman and Elumalai [6] have shown that any graph can be embedded in a graceful graph. This result implies that it is not possible to characterize graceful graphs by forbidding any graph.
Number of sufficient conditions on the graceful graphs are proved. Majority of the sufficient conditions are obtained using graph operations. For an exhaustive survey on graph labeling refer excellent survey by Gallian [2] . In this paper we consider the graph operation, duplication of vertices and we study its effect in obtaining graceful graphs.
The duplication of a vertex v of a graph G is the graph
. For a graph G, the graph obtained by duplication of all the vertices of G is denoted by D(G).
A graceful labeling f on a graph G is called an α-labeling if there exists a positive integer λ such that for each edge uv of
Note that, α-labeling is a stronger version of graceful labeling. α-labeled graph are necessarily bipartite. Number of interesting results are proved on α-labeled graphs (Refer [2] ). Here we show that, the graph obtained by duplication of all the vertices of a graph G, D(G) preserves α-labeling. More precisely, we prove the following result. On the other hand, it is also interesting to note that the graph D(G), the graph obtained by duplication of all the vertices of the graph G, becomes graceful even if G is not graceful. To illustrate this, in this paper we also prove that the graphs obtained by duplication of all the vertices of the well-known non-graceful graphs C 3 ∪ P n , for all n ≥ 2 and C 4 ∪ K 1,n , for all n ≥ 1 and n ̸ = 2 are graceful.
Main Result
In this section, we prove that the graph obtained by duplication of all the vertices of an α-labeled graph admits α-labeling. Also we prove that, the graphs obtained by duplication of all the vertices of the non-graceful graphs C 3 ∪ P n for all n ≥ 2, C 4 ∪ K 1,n where n ≥ 1 but n ̸ = 2 are graceful. The following lemma will help to understand the graph D(G). 
Also observe that, the vertex v i is adjacent to all the vertices u i1 , u i2 , . . . , u id which are the adjacent vertices of
where m denotes the number of edges of the graph G.
Hence, the number of edges in the graph D(G) is 3m.
Theorem 2.2. The graph obtained by duplication of all the vertices of an α-labeled graph admits α-labeling.
Proof. Let G be an α-labeled graph with n vertices and m edges.
Let u 1 , u 2 , . . . , u n denote the vertices of the graph G. Since G admits α-labeling, there exists an α-labeling f : V (G) → {0, 1, 2, . . . , m} and a positive integer λ such that, for every edge
Hence, the vertex set of the graph G, V (G) can be partitioned into two sets say 
The above description can be visualized in the following figure. ... ... 
For n odd, if the labels of vertices of D(P n ) are arranged as a sequence of
, then it forms a monotonically decreasing sequence. For n even, if the labels of vertices of D(P n ) are arranged as a sequence of 
We give below the edge labels of the edges in the sets A 1 , A 2 , A 3 , A 4 and A 5 consecutively and we denote these sets by A 
(11) 
The lables of vertices of D(C 4 ) can be arranged as a sequence, f (u
From the definition of f , the vertex and edge labels of 
Illustration
Graceful labeling of the graph D(C 4 ∪ K 1, 6 ) is illustrated in the following figure.
(1) 
